The unit group of a partial Burnside ring relative to the Young subgroups of the symmetric group S n on n letters is included in the image by the tom Dieck homomorphism. As a consequence of this fact, the alternating character ν n of S n is expressed explicitly as a Z-linear combinations of permutation characters associated with finite left S n -sets S n /Y for the Young subgroups Y .
Introduction
Let G be a finite group, and let Cl(G) be a full set of non-conjugate subgroups of G. for all H, U ∈ Cl(G), where g U = gU g −1 and [G/(H ∩ g U )] = [G/K] for a conjugate K ∈ Cl(G) of H ∩ g U (see, e.g., [5] , [13, §2.1] ). The identity of Ω(G) is [G/G]. For shortness' sake, we usually write 1 = [G/G]. While the unit group of Ω(G) is an elementary abelian 2-group (cf. §2), it is quite interesting to analyze units of Ω(G). Let S n be the symmetric group on n letters [n] := {1, 2, . . . , n}, and let Y n be the set of Young subgroups of S n . Since the Young subgroups are closed under intersection and conjugation, there exists a subring of Ω(S n ) consisting of all formal Z-linear combinations of symbols [S n /Y ] for Y ∈ Y n , which is denoted by Ω(S n , Y n ) (see also [2] ). (In short, this subring is a partial Burnside ring relative to the Young subgroups of a symmetric group.) Let R(S n ) be the character ring of S n . Then it is well-known that Ω(S n , Y n ) ∼ = R(S n ) (see, e.g., [13, Proposition 7.2] ) and the unit group of R(S n ) consists of ±1 Sn , ±ν n , where 1 Sn is the trivial character of S n and ν n is the alternating character of S n (see, e.g., [11, Example 2] ). In particular, the unit group of Ω(S n , Y n ) is isomorphic to the Klein four-group.
Recently, in [7] , Idei and the first author have given a formula of a non-identity unit of Ω(S n , Y n ) which is described in terms of the Möbius function µ Yn on the poset (Y n , ≤) (see Eq. (2)). Such a unit is also a unit of Ω(S n ), and there seems to be some characterization of it as a unit of Ω(S n ). In general, however, there are many units of Ω(S n ) (see [3] ). The purpose of this paper is to characterize a non-identity unit of Ω(S n , Y n ) in terms of the tom Dieck homomorphism (see §2). Consequently, we have shown that the unit group of Ω(S n , Y n ) is included in the image by the tom Dieck homomorphism. In the sequel, ν n is expressed explicitly as a Z-linear combinations of permutation characters associated with finite left S n -sets S n /Y for Y ∈ Y n (cf. Theorem 4.4), which is also a consequence of [6, Proposition 2.3.8, Exercise 3.15]. In order to show such a result, we see that each image of a permutation character associated with a finite left G-set by the tom Dieck homomorphism is a reduced Lefschetz invariant of a certain G-poset, which is essentially given in [10] .
The tom Dieck homomorphism
Given H ≤ G and a finite left G-set X, we set
for all U ∈ Cl(G) is an injective ring homomorphism, which is called the Burnside homomorphism or the mark homomorphism. Obviously, the unit group of Ω(G) is ∏ H∈Cl(G) ⟨−1⟩, whence the unit group of Ω(G) is an elementary abelian 2-group. We denote by R R (G) the real representation ring of G, and denote by Ω(G) × the unit group of Ω(G). For each element x of Ω(G) with φ(x) = (x H ) H∈Cl(G) , 
for all χ ∈ R R (G), which is called the tom Dieck homomorphism. According to [13, Corollary 4 .3], we have
for all χ ∈ R R (G), where µ is the Möbius function on the poset (S(G), ≤) of all subgroups of G.
and is the image of ν n by the tom Dieck homomorphism.
u S 2 and u S 3 are surjective, however (see [9] ). (Note that 2|Imu
We denote by R(G) the character ring of G. The permutation character π X associated with a finite left G-set X is given by
By [13, Proposition 7.2] , the ring homomorphism char Sn :
(see also [8, 2.3] ). Hence there exists a unique unit, say α, of Ω(S n , Y n ) satisfying char Sn (α) = ν n . The unit group of Ω(S n , Y n ) consists of ±1, ±α, which are also units of Ω(S n ).
For each H ≤ S n , we define a Young subgroup Y H to be the intersection of all Young subgroups containing H. Each Young subgroup Y of S n with respect to a partition (n 1 , n 2 , . . . , n r ) includes a product σ Y of pairwise disjoint n i -cycles for
Under these notations, we are now in a position to state the following lemma (cf. [13, §7.1] ).
This completes the proof. 2 By using [13, Corollary 4.3] and Lemma 3.1, α is expressed in the form
where σ H ∈ S n with H = Y ⟨σ H ⟩ . This formula is presented in [7, Corollary 5.2] . We aim to show that α is included in the image by the tom Dieck homomorphism. The permutation character π [n] associated with the S n -set [n] is given by
. By the Cauchy-Frobenius lemma (see, e.g., [13, Lemma 2.7 
so that β is the image of π [n] by the tom Dieck homomorphism. The fact that α = (−1) n β (cf. Theorem 3.4) is obtained by a combination of Lemma 3.1 and the following lemmas. 
Lemma 3.2 For each H
Proof. Assume that σ is a product of pairwise disjoint n i -cycles for i = 1, 2, . . . , r such that
On the other hand, if ℓ = ♯{i | n i is odd}, then ν n (σ) = (−1) r−ℓ = (−1) r+n , because ℓ ≡ n (mod 2), completing the proof. 2
We are now successful in characterizing the units of Ω(S n , Y n ) in terms of the tom Dieck homomorphism.
Theorem 3.4 The unit group of Ω(S n , Y n ) is included in the image by the tom
Dieck homomorphism. In particular, α = (−1) n β.
Hence it follows from Lemmas 3.2 and 3.3 that
We have thus completed the proof. 2
The reduced Lefschetz invariant of a G-poset
There is a valuable application of Theorem 3.4. The expression of ν n as a Zlinear combinations of permutation characters π Sn/Y for Y ∈ Y n is implicit in Eq. (2), while it is worth studying the explicit descriptions.
A finite left G-set equipped with order relation ≤ is called a G-poset if ≤ is invariant under the action of G. Let P be a G-poset, and let Sd i (P ) be the set of chains x 0 < x 1 < · · · < x i of elements of P of cardinality i + 1. Recall that Ω(G) is the Grothendieck group of the category of finite left G-sets and is an abelian group generated by the isomorphism classes [X] of finite left G-sets X (cf. [5, 13] ). The Lefschetz invariant Λ P of P is defined by
and the reduced Lefschetz invariant Λ P of P is defined by Λ P = Λ P − 1 (cf. [4, 10] ).
In particular, for the poset P (X) consisting of nonempty and proper subsets of a finite left G-set X, the K-component of φ( Λ P (X) ) with K ∈ Cl(G) is equal to the reduced Euler-Poincaré characteristic of P (X) K (= inv K (P (X))):
We next give a combinatorial proof of the following proposition, which is essentially proved by [10, Proposition 5.1].
Proposition 4.1 Let X be a finite left G-set. The reduced Lefschetz invariant Λ P (X) of P (X) is the image of π X by the tom Dieck homomorphism.
To prove Proposition 4.1, we require the following combinatorial lemma.
Lemma 4.2 For each positive integer j, set
where
Then c j = (−1) j for any positive integers j.
Proof. We use induction on j. Obviously, c 1 = −1. Assume that j ≥ 2 and
ℓ for any positive integer ℓ less than j. Clearly, there exists a bijectioṅ
for each positive integer i less than j. Hence the inductive assumption yields
as desired. This completes the proof. 2
Proof of Proposition 4.1. For each K ≤ G, we denote by m K the number of K-orbits in X. Then it follows from the Cauchy-Frobenius lemma that
Hence the assertion is equivalent to the equality φ(
Hence a simple observation enables us to get
for each integer i with 0 ≤ i ≤ m K − 2. This, together with Lemma 4.2, shows that
Thus the reduced Euler-Poincaré characteristic of P (X) K is (−1) m K (see also [10, Proposition 5.1]). Consequently, we have φ( Λ P (X) ) = ((−1) m K ) K∈Cl(G) . This completes the proof. 2
We turn to the study of an explicit description of β (cf. Eq. (3) ). 
Theorem 4.4 The alternating character ν n of S n is expressed explicitly in the form
where the sum runs over all cycle types of permutations on [n].
Proof. Since β = (−1) n α by Theorem 3.4 and ν n = char Sn (α), the assertion is equivalent to the formula
Let i be a nonnegative integer. Then
j=0 y j , which corresponds to a cycle type (1 m 1 , . . . , n mn ) with m ℓ = ♯{k | ♯y k = ℓ} for ℓ = 1, . . . , n. Conversely, if λ = (1 m 1 , . . . , n mn ) with ∑ ℓ m ℓ = i + 2 ≥ 2 is a cycle type of a permutation on [n], then we can make up 
Concluding remarks
If e is an idempotent of Q ⊗ Z Ω(S n , Y n ) and if 2e ∈ Ω(S n , Y n ), then 1 − 2e and −1 + 2e are units of Ω(S n , Y n ). Since α is a unit of Ω(S n , Y n ), it follows that (1 − α)/2 is an idempotent of Q ⊗ Z Ω(S n , Y n ). However, (1 − α)/2 ̸ ∈ Ω(S n , Y n ), because (1 Sn − ν n )/2 ̸ ∈ R(S n ). Thus we have the following. for all U ∈ Cl(G), where x ⟨g⟩U = x K for a conjugate K ∈ Cl(G) of ⟨g⟩U .
We end this paper by giving a direct proof of the fact that (1 − α)/2 ̸ ∈ Ω(S n ).
Proof of Proposition 5.1. Suppose that φ(α) = (α H ) H∈Cl(Sn) . Then it follows from Lemma 3.3 and Theorem 3.4 (or the definition of α) that
where α ⟨σ⟩ = α ⟨τ ⟩ if σ is a conjugate of τ ∈ S n with ⟨τ ⟩ ∈ Cl(S n ). This, combined with Lemma 5.2, shows that ((1 − α H )/2) H∈Cl(Sn) ̸ ∈ Imφ. Thus (1 − α)/2 ̸ ∈ Ω(S n ), completing the proof. 2
